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ABSTRACT: In the context of AdS/CFT, we consider a cascading theory with an arbitrarily
large number of chiral flavors. In the UV the theory can be considered as a chiral flavoring
of the Klebanov-Tseytlin solution, and exhibits a duality wall. Instead in the IR, due to
the rich dynamics, it safely flows to a non-cascading theory. We engineer the field theory
through intersecting D7-branes with world-volume gauge flux on a conifold with 3-form
fluxes, and we find new fully backreacted solutions of Type IIB Supergravity plus branes.
We match the field theory cascade with supergravity by computing Page charges and
interpreting Seiberg dualities as large gauge transformations of the background. Eventually
we give an interpretation of the chiral zero modes arising at the intersection of the D7-
branes with flux.

KEYWORDS: [Brane Dynamics in Gauge Theories, Gauge-gravity correspondence]
[D-branes, AdS-CF'T' Correspondencd.

© SISSA 2008


mailto:benini@sissa.it
http://jhep.sissa.it/stdsearch
http://jhep.sissa.it/stdsearch

Contents

N E

=

=

[Q0]

]

(@)

(s

Introduction

A field theory cascade

SUSY D7 probes on the warped conifold
Type 1IB supergravity with sources

The backreacted solution

Solutions
b.] 5-form flux and warp factor

Charges in supergravity
] Chiral zero modes
.4 Page charges

Brane engineering
B.] The cascade

Conclusions

. Conventions and Calabi-Yau geometry

. Equations of motion

B SU(3)-structure manifolds and submanifolds
B3 Probes: SUSY vs EOM’s

SUSY variations

Comparison with Ouyang’s procedure

[H. Poincaré duals and exceptional divisors

1. Introduction

1=

E EH =

==

BE EEE

5 S

B =R

B [

Early ideas of t'Hooft [l]] suggested that the physics and dynamics of strong interactions

could be understood and described through a theory of strings.

Such an idea started

materializing with the advent of Maldacena’s conjecture [fJ], also known as AdS/CFT. The

authors showed that a theory of strings can capture both perturbative and non-perturbative



aspects of a (3+1) dimensional field theory. Unfortunately the field theory in question,
namely A = 4 super Yang-Mills (SYM), does not have great phenomenological interest. A
first step towards phenomenologically more relevant generalizations was made by extending
the AdS/CFT duality to branes at conical singularities [B, f]. The prototype example is
that of D3-branes at a conifold singularity (see, among the more relevant papers, [il-[J]).
This improvement provided a way of breaking the large amount of supersymmetry to the
minimal one, and breaking the conformal symmetry as well.

A characteristic of all the models realized with branes at singularities is that the dual
field theories only contain fields in the adjoint or bifundamental representation of the gauge
factors. Obviously for phenomenological reasons the next step is the inclusion of matter
in the fundamental representation. A beautiful example appeared in [[J], where the new
degrees of freedom where introduced in the brane picture through extra non-compact flavor
branes.

The difference between color and flavor branes is substantial. Color branes undergo a
geometric transition and ‘disappear’: the open string dynamics on them is equally described
by a dual closed string background with fluxes. Flavor branes instead are still present in
the dual background after the geometric transition. Being non-compact, they do not have
a 4d gauge dynamics. On the other hand they do have an higher dimensional gauge theory
living on them which, according to the usual AdS/CFT dictionary, is dual to a global
symmetry in field theory. In an appropriate large N, and small gs regime, the system can
be described in supergravity; the action must however be enriched with a Dirac-Born-Infeld
and Wess-Zumino piece to describe the flavor branes:

S = Sus + Spsr + Swy, - (1.1)

Many ideas and examples originated from the previous setup [[4-[[f]. All those frame-
works are good for a regime where the number of flavors Ny is much smaller than the
number of colors N., because they restrict to the so called quenched approximation. They
deal with probe flavor branes that do not backreact on the closed string sector. From a
field theoretical diagrammatic point of view, they give the correct physics in the t’Hooft
limit with Ny = fized [], where quarks are only external legs not participating in loops.

On the other hand some papers appeared where the backreaction of the flavor branes is
taken into account, realizing in this way the Veneziano expansion with Ny/N, = fized [[I7].
Early works are [[L§, [[d]. More recently a series of papers appeared where the backreaction
of the flavor branes is handled through a powerful smearing technique. In [R(] it was
proposed a gravity dual to N’ = 1 SQCD (see also [B]), in P to N' = 2 SQCD and
in B3 to the Klebanov-Witten (KW) theory [[f] with flavors. In [P4] it was considered
the addition of new degrees of freedom to the Klebanov-Tseytlin (KT) [{] and Klebanov-
Strassler (KS) [ setups. The new degrees of freedom are non-chiral fundamental matter,
which enriches a lot the duality cascade of the renormalization group (RG) flow.

In this paper I extend the smearing technique to a case of chiral fundamental matter.
The new ingredient is that the flavor branes needed to realize such a field theory have
a non-trivial gauge bundle on them. First of all taking into account the flux raises new
issues about supersymmetry. Then the gauge flux induces new charges which have to be



taken into account, and it could give rise to new modes at the intersection of flavor branes.
The paper can thus be thought as a generalization of the smearing technique to the case of
non-trivial gauge bundles. The interest resides in the fact that the chiral case is much more
generic than the non-chiral one, when one tries to extend the flavoring of cascading theories
done in [24] to fractional branes at more generic conical singularities. The non-chiral case
(flavor branes with trivial gauge bundle) seems to be quite special.

The KT and KS supergravity solutions have a field theory dual whose RG flow can
be understood as a cascade of Seiberg dualities. When the ranks of the gauge factors are
different, they reduce along the flow while their difference remains constant. In presence
of flavors also the difference reduces along the cascade [R4], possibly reaching an IR theory
with equal ranks that does not cascade any more. This is the flow considered in this
paper. Moreover in the chiral case there is a further issue: along the cascade new gauge
singlet fields appear/disappear, in order to match a global anomaly. They have a beautiful
interpretation as chiral zero modes living at the intersection of flavor branes with flux.
The existence of these modes was already noticed in [RF], where the authors used a similar
chiral cascade to realize ISS vacua [2§] at the bottom.

Following the ideas of B4, Seiberg dualities are interpreted in supergravity as large
gauge transformations. This gets nicely married with the fact that gauge ranks are mea-
sured by Page charges, rather than Maxwell charges. In this paper for the first time there
is a disagreement between the two, and only Page charges give an exact matching with
field theory.

The paper is organized as follows. In section 2 I analyze the field theory with chiral
matter and the cascade describing its RG flow. In section 3 I construct a supergravity dual
in the Ny < N, limit with probe D7-branes and I show that a non-trivial gauge bundle is
needed. In section 4 I present the supergravity equations with sources, and I use them in
section 5 to construct a backreacted solution for the case Ny ~ N.. In section 7 I compute
Maxwell and Page charges; I also give an holographic interpretation of the gauge singlet
fields. In section 8 I construct a dictionary between supergravity and field theory, and a
perfect matching is verified. Conventions and computations are in various appendices.

2. A field theory cascade

Consider a field theory whose quiver diagram is depicted in figure []. It consists of two
gauge groups SU(g1) x SU(g2) (where for definiteness we take g; > g2) and two flavor
groups U(Ny) x U(Ny). Part of the flavor group is generically anomalous: the axial U(1)¢a
always has a flavor-gauge-gauge triangle anomaly, while for g; # go both U(Ny) factors
have a flavor-flavor-flavor anomaly with only the diagonal U(Nyf)ey anomaly-free. There
are four bifundamental fields A; and B; with i = 1,2 and four (anti)fundamental fields g,
G, Q, Q. The superpotential I consider is

W = h(A1B1AyBy — A1 By A3 By) + A (GA1Q + QBiq) (2.1)
where traces on color and flavor indices are meant. The SU(2) x SU(2) flavor symmetry

of the theory without fundamental fields (acting on A; and Bj) is broken to its toric
subgroup by the superpotential. Moreover there are two baryonic symmetries U(1)p (which



Figure 2: Quiver diagram of the magnetic theory after Seiberg duality.

SU(r1) x SU(r2) | U(Ns) x UNy) | SU(2)* | U(M)r | UM)B | U1 p

A; (r1,72) (1,1) (2,1) | 1/2 1
B; (71,72) (1,1) (1,2) | 1/2 -1

q (r1,1) (1, Ny) (L,1) | 3/4 1 1

q (r1,1) (Ny, 1) (1,1) | 3/4 -1 -1
Q (1,73) (Ny, 1) (1,1) | 3/4 0 1

Q (1,73) (1, Ny) (1,1) | 3/4 0 -1
Py, (1,1) (Ny,Ny) (1L,1) | 24—k 0
Dy, (1,1) (Ny, Ny) (1,1) | 35—k 0

Table 1: Field content and symmetries of the chirally flavored KT theory.

actually is the diagonal U(1) subgroup of the flavor group) and U(1)p and an anomalous
R-symmetry U(1)g. The theory is chiral, in the sense that we cannot construct mass terms
without breaking the flavor symmetry. All the relevant charges are summarized in table [I].

The theory without flavors and with g; = g» has a complex line of conformal points [H,
R9), where the anomalous dimensions can be derived from the non-anomalous R-charges.
If we take the number of colors g; and g much larger than the number of flavors Ny, and
we suppose that the anomalous dimensions of the bifundamentals only take corrections at
second order in Ny /N, (this hypothesis was supported by a dual gravity analysis in 3, B3)),



we can compute the NSVZ gauge S-functions [R7):

3G3 Ny 3G3 Ny
- _ — gy — —L = —=2 — — . 2.2
Bey 162 [91 92—~ } Bas T6nz |91~ 92t (2.2)
We find that, if the difference (g1 —g2) is larger than Ny /4, in the IR SU(g1) flows to strong
coupling while SU(g2) flows to weak coupling. We can then perform a Seiberg duality [R§]
on node SU(g;). The mesons are: B;A; = M;;, §A; = N;, Big = N;, g = ¥o. The
superpotential in the magnetic theory is

W' = h (M2 Moy — My M) + X (N1Q + QNy) + % [a;b;M;; + air Ny + 7b;N; + 7r¥o]
(2.3)
where we sum over ¢,j = 1, 2. A is the dynamically generated scale involved in Seiberg du-
ality [B§, and represents the energy scale where we transit from a good electric description
to a good magnetic description. Then we integrate out M;;, Ny, Ni, Q, Q. The relevant
F-term equations are:

1 1
—h My + —a1by =0 AQ+ —air=0
11\ ] f} (2.4)
hMgl—l—Xale:O )\Q—I-X’Fbl:(),
so that we obtain
1 1 -
W/ = hA2 (a1b1a2b2 — albgagbl) + X (NQCLQT + beNQ + Eofr) . (25)

Notice that the mesonic fields have non-canonical mass dimension 2, and after canonical
normalization of all fields some order one coupling constants could arise from the K&hler
potential.

The magnetic quiver is depicted in figure B To compare it with the original elec-
tric quiver, we relabel the fields: a;,b; — A;, B; exchanging 1 < 2; r,7 — @, Q and
Ny, Ny — ¢, §; recall that the biggest rank is now go. We see that the theory has repro-
duced itself, apart from the new gauge singlet field ¥y in the (N, Ff) representation of the
flavor group and a shift in gauge ranks: (g1, 92) — (92,292 — g1 + N¢). Even the superpo-
tential has reproduced itself, with the quarks coupling with A; and Bj, apart from the new
superpotential term %EOQQ. Notice that the gauge singlet Y is there because of “conser-
vation” of the global flavor-flavor-flavor anomaly of the axial U(Nf)sa. In particular, the
axial U(1)¢a is broken by the anomaly to Zgi_g2, and this is true both in the electric and
magnetic quiver. The dual gravity interpretation of this will be discussed in section J§.

Now let me ask what is the fate of the gauge singlet field. The theory continues flowing
in the IR until another Seiberg duality is required. So we can generically consider a theory
as in figure [] but with an extra gauge singlet ®;, in the (N £, Ny) flavor representation from
the beginning, and superpotential

W = h(A1B1A2By — A1 By A3 By) + A (GA1Q + QB1q) + A\ @ Q(B242)*Q | (2.6)



Figure 3: Quiver diagram of an electric theory with a gauge singlet field ®j, in the (Ny, Ny) flavor
representation.

not summed over k. As will be clear momentarily, it is better to consider a general su-
perpotential depending on k, even if here we are interested in £k = 0. We perform a
Seiberg duality on node SU(g;) as before, and integrate out M;;, N1, N1, Q, Q (the F-term
equations are still (R.4)). We obtain

Ak

k+17,
kN2 A k42 ’

W, = h}x2 (alblagbg — albgagbl) + % (NQCLQT + fngQ + EQfT) + (fk f(blal)
(2.7)

We learn that at each Seiberg duality a new gauge singlet field in the (Ny, Ff) represen-
tation is generated, while the existing ones develop longer and longer superpotential terms.
We can try to estimate the behavior of the superpotential terms Oy = @ Q(B2A2)kQ
under the RG flow. We consider again a regime of parameters where g; and go are much
larger than (g1 — ¢g2) and Ny, so that the theory is close to its conformal points. Then the
quantum dimensions of the fields A, B, ¢, 4, Q, Q can be derived from the R-charges (see
table [[) through the relation D[O] = 2R, strictly valid at a conformal point. From the
supergravity computation of the gauge coupling G-functions and their matching with field
theory, one deduces that the quantum dimensions of A and B take corrections of order
(N¢/N.)?, whilst the quark field ones of order Ny/N, [[[5, 3. The gravity computation
does not tell us nothing about the quantum dimension of ®; since it does not enter in
the S-functions, and in fact the dimension must take corrections of order one. Recall that
gauge singlet scalars must have quantum dimension bigger than or equal to 1, around a
conformal point. We conclude that the superpotential terms Q) = @ Q(BgAg)kQ not
only are irrelevant (their quantum dimension is bigger than 3), but become more and more
irrelevant going towards the IR (their quantum dimension runs). Notice that the fields oy,
always couple with the quarks of the smallest gauge group.

Apart from this, the theory reproduces itself and cascades down, with both the ranks
and the difference of the gauge group ranks reducing. From this point of view this chiral
theory is similar to the one studied in [24], but with the important difference that in this
one (g1 —go) scales by Ny, while in the latter it scales by N¢/2. We will match this behavior
with the dual gravity description in section [§

Last but not least, I want to understand what happens if we start with a gauge singlet
field ®;. in the opposite flavor representation: (Ff, Ny) (this implies that it couples to the



quarks of the largest gauge group). The quiver is in figure fJ. T will consider two cases at
the same time: with minimal superpotential and with a larger one.

W = h(A1B1AyBy — A1 By A3 By) + A (§A1Q + QB1g) + g Podq + g ©rG(A2Ba)Fq . (2.8)
We perform a Seiberg duality going to the magnetic description as before:

W' =h (M12M21 — M11M22) + )\(NlQ + QN;[) + g PpXg + o @kNQ(Mgg)k_lNg

1 ~ B B (2.9)
+ X [ajbiMij + a;rN; + 7b; N; + T‘T’Eo] .

This time we can integrate out ®g and X as well. After doing it we obtain:

W' = h}x2 (a1b1a2b2 — a1b2a2b1) + % (NQ(IQT‘ + 'FbQNQ) + # (I)kNQ(albl)k_lNg .
(2.10)

The operators Op = ®; §(AsBs)¥q behave quite differently from the previous Oy.
They are still irrelevant, but actually dangerous irrelevant (see [IJ] for a similar discussion
in SQCD with quartic superpotential). Their quantum dimension becomes smaller and
smaller going towards the IR, until some point when they behave as mass terms and the
corresponding gauge singlet ®g is integrated out together with the would-be-generated
gauge singlet X in the opposite (N, Ny) representation.

We can define a relative number Ng counting the number of (N, Ny) fields () minus
the number of (Ny, Ny) fields (®r). This number decreases by one unit at each Seiberg
duality, either because a field contributing +1 is integrate out or because one contributing
—1 is generated. We could say that our theory is self-similar along the cascade just adding
this number Ng to the list of running ones.

The flow of the theory drastically depends on the choice of initial ranks, as also observed
in [T5] (see also [24]). Since along the flow both ranks g; and g, and their difference reduce,
we could either reach a point were one of the ranks is zero (or order of their difference),
or a point where the difference is zero (or order Ny) while the ranks are still large. I
am interested in the latter situation. Notice from (R.9) that if (g1 — g2) < Ny/4 both
B-functions are positive and there are no Seiberg dualities anymore.

Thus we can imagine the following flow, from the bottom up. In the far IR the two
gauge ranks are equal (say Ny), the theory has no exotic gauge singlet fields (N = 0) and
there are no flavor-flavor-flavor (f-f-f) anomalies at all. Both g-functions are positive. This
theory was extensively studied in [2J] where a proposal was made for the full flow down
to a conformal fixed point with flavors. To go up in energy, we perform Seiberg dualities.!
So at step one the gauge group is SU(Ng + Ny¢) x SU(Np) and there is one gauge singlet
® (thus Ny = 1) with superpotential coupling Og. Still there are no f-f-f anomalies. This
theory correctly flows in the IR to what I stated above. Going generically up by n steps,
the gauge ranks are as prescripted by the cascade, and there are n gauge singlets ®r—q. ,_1
(Ng = n) with their corresponding superpotential couplings Oy.

In order to study this theory at strong coupling and for a large number of flavors (NN
of order N,), I am going to construct a supergravity dual to this flow.

'Recall that the RG flow is irreversible: the UV determines the IR but not the opposite. So we always
have to think in terms of describing the theory at some scale, compatible with its flow to the IR.



3. SUSY D7 probes on the warped conifold

My aim is now to realize a supergravity dual of the previous theory and its RG flow. The
starting point is obviously the easiest of its steps, namely the SU(g;) x SU(g2) theory
without extra gauge singlets. We are going to realize it as the near horizon theory of a
stack of (fractional) D3-branes at a Calabi-Yau singularity plus non-compact D7-branes.
Let me proceed stepwise.

As is well known, putting N D3-branes at a conifold singularity [ we realize an
SU(N)xSU(N) N = 1 gauge theory, with chiral fields A;, B; (i = 1,2) in the bifundamental
and anti-bifundamental representation of the gauge group. On the gravity side, at large IV
and in the near horizon limit the system is described by Type IIB Supergravity on a warp
product space of 4d Minkowski and a 6d conifold, with warp factor h(r) = L*/r* and N
units of self-dual 5-form flux.

As suggested in [[J] and then further on investigated in [[4], we can add chiral su-
perfields transforming in the fundamental representation of the gauge group by wrapping
D7-branes on 4-cycles on the gravity side. In order that the gauge theory living on the D7-
brane worldvolume describes a non-dynamical global flavor symmetry on the field theory
side, the 4-cycle must be non-compact. And in order to have a supersymmetric embedding
the 4-cycle must be holomorphic (I will have to say more about this). We can specify the
complex structure of the conifold by defining it as the variety 2129 — 2324 = 0 in C*. Among
the many, there are two classes of holomorphic divisors which are interesting for us.

The first class of 4-cycles is represented by X = {21 + 22 = 0}. It preserves a diagonal
SU(2)p subgroup and the U(1)g factor of the conifold isometry group SU(2)? x U(1)g,
and was studied in [I]. This embedding was then used in 4] to add non-chiral matter
to the KS [§] and KT [ theories. The other class is represented by o = {z; = 0} and
was extensively studied in [[§]. The latter 4-cycle has very different properties from the
former: it fully breaks the SU(2)? conifold isometry (but still preserving U(1)g) and it is
made of two separate intersecting branches. As argued in [[Lf] it introduces chiral matter
exactly in the way we are looking for: according to the quiver of figure [l and with the
superpotential (2.1)).

In order to create a disbalance in the gauge ranks we have to add D5-branes wrapped
on the non-trivial 2-cycle of the conifold [f]. Their presence generates, among the other
effects, background values for the 3-form fluxes F3 and Hs. The main difference between
the two classes of D7-brane embeddings is that on the non-chiral X the pull-back of Hj
is zero, whilst on the chiral X is not. If Hy (hatted quantities are pulled-back) is zero
we can always gauge away a possible pull-back of By by a choice of Fy, so that F = 0.2
I defined the gauge invariant flux on the brane as F = 32 + 27w F5, where Fo = dA is the
usual field strength of the gauge bundle. If Hs # 0 we cannot gauge away F in any way
and we have to worry about it. As we will see its effects are many: first of all it affects the
supersymmetry constraints on the brane configuration, moreover it generates new induced
charges and modifies the running of bulk fluxes.

2Some care has to be paid to possible sources for F on the brane, arising whenever Cs # 0. Moreover
F5> is quantized on 2-cycles.



The first step in the construction of a fully backreacted solution with this kind of D7-
branes is to understand which are the supersymmetric embeddings and what is the flux
induced. These two issues are addressed by studying probe branes.

To set our conventions, we start considering a probe D7-brane along o = {z; = 0}
in the singular conifold with 5-form flux (the KW theory [H]), and look for possible SUSY
gauge bundles. The metric of the supergravity solution is

ds® = h(r)_% dmil + h(r)% {dr2 4 72 d8%1,1}
1

. 1
G Zj (d@? + sin? 6, dgo?) + §(d¢ + 3, cosb; dipj)”

(3.1)
ds%“l,l =

where the warp factor is given by h(r) = L*/r?, with L* = %ngsN a2, In the following
we will set o/ = 1. The Calabi-Yau (CY) geometry is described by a real (1,1) Kahler form
and an holomorphic (3,0)-form, both closed and co-closed:

1 1
J = grdr A () + Y, cosb; dpy) — =1 [sin 01 dfy A dipy + sin 0o dfy A d@] (3.2)

. 1 1
0= <dr —H’rggS) A 7’26(d01 —isinfy dp1) A (dfs — isin Oy dys) . (3.3)

They satisfy J? = %Q A Q2 = 6volg. More details on my conventions and the CY geometry
are written in appendix [A].

As shown in [BJ the conditions for a spacetime filling D7-brane to be supersymmetric
(which means that there is a xk-symmetry on the brane that preserves some Killing spinors
of the bulk) on a background with closed NS-NS potential By can be rephrased as:

e the embedding is holomorphic;
e the gauge invariant field strength F = By + 27/ F is a (1,1)-form;

e it holds
JAF =tan# <v014 — %}“ A f> (3.4)

for some constant 6 (that depends on which combination of Killing spinors is pre-
served).® Here J is the 6d Kéhler form and voly = %j AJ.

Then in [BF] it was shown that these conditions still assure k-symmetry on a background
Mg with SU(3)-structure and NS-NS and R-R fluxes, provided that we substitute, in place
of J, the 2-form J,, that defines the SU(3)-structure of Mg. When Mg is a warped CY,
as in (B), Juw = h'/2J.

The holomorphic embedding we are considering is made of two branches: ¥; =
{6;,p; = const}. For definiteness we concentrate on ¥; then the pull-back of J is easily

3The expression for # depends on how the 10d Killing spinors are constructed from the 6d one. In our
class of SU(3)-structure solutions 6 is a constant, but in general it can be a function of the 6d manifold.



derived from (B.9). We are looking for gauge bundles on the D7-brane such that F is a
real (1,1)-form, closed and co-closed. We take the (1,1) ansatz

1 1
F = fi(r) 3" dr A §° + fa(r) 67*2 sin 01 df; A dyy . (3.5)
When imposing closure and co-closure (it is a linear system) we get two solutions:
1 1

ASD _ ~5 :

F = 3?dr ANGo+ 62 sin 01 dfy A dpq (3.6)
1 1

FSD — §T dr A §° — 67*2 sin 61 dfy Adp . (3.7)

The first solution solves the x-symmetry condition (B.4): it is anti-self-dual (ASD: F = —x4
F) and primitive (F A J=FNJy = 0). The second one instead is not supersymmetric: it
is self-dual (SD) and in fact proportional to the unwarped Kéhler form (F oc J = h='/2 J,)
so that it cannot solve (B.4) unless the warp factor is constant.?

Then we consider a probe D7-brane in the Klebanov-Tseytlin background [ff]. This
supergravity solution describes N D3-branes and M fractional D3-branes at the tip of a
singular conifold. The fractional D3’s can be thought as D5-branes wrapped on the 2-
cycle of the conifold and shrunk at the origin. The dual gauge theory has the same quiver
diagram as in the Klebanov-Witten case, but with gauge group SU(N + M) x SU(N). Thus
the effect of the wrapped D5’s is to increase only one rank.

The metric is still that of a warped singular conifold (B.1), but with different warp

factor: . ( 2
2T 3(gsM 1 r
h(ir)=———1gsN+ ——2 (- +1log— || . .
(r)=—a 9N+ =5 — (7 1o - (3.8)
As well known, the logarithmic behavior is dual to the cascade of gauge ranks [§. The
fluxes are:
3 3 1 M
By = —gsM wo logi Hy = —gsM ~dr A wo F3; = —uws, (3.9)
2 70 2 r 2

where we define
1
Wy = g(sin 01 dOy A dpy — sin by dfs A dp2)

1 . .
w3 = g5 Awy = §(d¢ + Zj COos 9j d(,Dj) A (sin 0y d6y A dpyr — sin By dfs A dips) (310)
ws = —2wy Awa A g° = sin by df; A dpy Asinby dfy A deps /\g5
g = (dy + > cost;dp;) .

The 3-form fluxes are such that g, x¢ F3 = Hs.

In this case the pull-back of H3 on the D7-brane is non-zero, and since dF = ﬁg we
are forced to consider a non-trivial gauge flux. Thus I will use again for F the (1, 1) ansatz
of (B.H) and impose that

dF = Hs JANF=0. (3.11)

4This is consistent with the fact that on D3-brane backgrounds a self-dual bundle cannot be supersym-
metric as it carries anti-D3 charge. Without D3-branes, instead, the warp factor is constant.

— 10 —



The solution is

M 1 1 ~ 1 .
FASD _ <99 4 ﬁ) <§r dr A §° + 67‘2 sin 6 df; A d(,01> , (3.12)

4 r2 0

with C7 an arbitrary constant. This flux is anti-self-dual. Notice that the homogeneous
solution is exactly FASP of (B.§).
Also in this case we could find a self-dual gauge flux with still dF = Hs:

99, M 1 1 . 1 .
FP = < 94 3 + C’z) (gr dr A g — 67"2 sin 6 db /\d‘Pl) . (3.13)

Again this configuration is not supersymmetric.

4. Type IIB supergravity with sources

In the previous section we understood that the Klebanov-Tseytlin background supports
probe D7-branes which are spacetime-filling, non-compact, supersymmetric and along the
embeddings we need to realize the chiral cascading field theory we are interested in. Such
branes, in order to be SUSY, need to have a non-trivial anti-self-dual gauge flux F on
them. We are going to construct a fully backreacted solution for this system; thus I report
how the Type IIB Supergravity equations of motion (EOM) are modified in presence of
these sources.

The action of IIB Supergravity with D7-branes in Einstein frame is in my conventions:

1 1 1 1 1 1
St = — [ d¥z/—g{ R — =|0¢* — e ?|H3|> — =**|F1|? — =e?| 3> — = |F3|?
= 52 x 9{ 500" — 5eT I H3|" — ST — Sef| F3)" — | F|
1
—— [ CLAH3 A\ F:
45%0 4 3 3

—pr | di¢e? \/— det(§+e=9/2F) + py / Cpe™”
ot (4.1)
where the gauge invariant R-R field strengths are F, = dCp_; — Cp_3 A H3.5 Moreover
262, = (2m) a4,y = (27T)_po/_p_§1 is the Dp-brane charge and tension so that 2x2,u, =
(4m2a/ )PTP In particular 2x%,u7 = 1. Hatted quantities are pulled-back.
Without sources (the last line) the Bianchi identities (BI) and EOM’s for the form-
fields are readily derived:

dFy =0 d(e*? « Fy) = —e® Hy A +F3

dFy = H3 A Fy d(e? « F3) = —H3 A Fy (42)
dFs = H3 A Fj d* Fs=dFs = Hy AN Fy

dHz =0 d(e™® * Hy) = e® Fy N+F3 — F5 N Fy .

These have to be supplemented with the equation F5 = *F5, which is not derived from
the action (see [BQ] for a solution to this problem). Notice that these BI's and EOM’s are

®The minus sign in e~7 is related to the sign in the definition of F}, and is required in order to obtain
EOM’s consistent with d? = 0.
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consistent with d?> = 0. By comparing the EOM’s with the BI's of the dual field strengths
we get the relations

Fr = —¢% % Fy Fy=e??xF . (4.3)

Then we consider the effect of sources. The details of the derivation of the following
Bianchi identities and equations of motion, as long as other formulae useful in computa-
tions, can be found in appendix {. I find:

1
AR = —Q d(e*® « Fy) = —e Hy A xF3 — o7 N
1
dFy = Hy ANFy — F A d(e¢*F3):—H3AF5+6.7:3/\Qg
1
dF5:H3/\F3—§f/\f/\QQ dx Fy = dFy
dH3z =0 d(e_¢ * Hg) =¢? Fy A xF3 — F5 \ F3 + (sources) .
(4.4)
The 2-form 29 is a localized form orthogonal to the D7-brane such that
Xg = Xg A Q9 (4-5)

D7 Mg

for every 8-form Xy on the D7-brane. For an holomorphic embedding C = {f(z;) = 0}
the form can be written as Qy = —id%(f, f)df A df. Thus in general for localized (and
even smeared) holomorphic D7-branes {25 is a closed real (1, 1)-form. Moreover it must be
exact in order to solve the BI of Fj, and this condition is precisely tadpole cancellation.
The equation of motion of H3 gets many contributions from the D7’s and the complete
expression can be found in appendix [B. Notice again that the full system of equations is
consistent with d? = 0.

In appendix [B the reader can also find a proof that the x-symmetry condition (.4)
together with supersymmetry in the bulk assure that the EOM for the gauge connection
on the D7-brane is satisfied. This was also shown on more general ground in [B1]. On
the other hand in [BJ] it was shown that supersymmetry and Bianchi identities implies the
satisfaction of the EOM’s for the form-fields, for the dilaton and of Einstein equation, for
localized as well as smeared backreacting branes.

5. The backreacted solution

We have now collected enough elements to write down the backreacted solution. From
the probe analysis we learned that the D7-branes source D7-charge as well as D5- and
D3-charge, due to the non-trivial gauge flux F on them. The gauge invariant flux F is
constrained to be (1,1) and primitive. Then we only have to produce an ansatz and set
to zero the supersymmetry variations in the bulk, as well as imposing BI’s and EOM’s for
the form-fields.

As observed in many previous works of this kind [2q-P4], finding the fully backreacted
solution for a system with color and flavor branes on a topologically non-trivial manifold
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is a very challenging task, due to the low amount of symmetry. In general, and in our case
too, the addition of non-compact D7-branes breaks some symmetries of the background
where they are put; consequently one should write a complicated ansatz which would lead
to partial differential equations, difficult or impossible to solve. My main tool will be an
angular smearing.

The procedure is the same as in [0—-R4]. Our D7-branes are put along X1 = {61, ¢1 =
const} and Yo = {2,y = const}: each branch is localized at a point of one of the S2
over which the 7! fibration is constructed. A single D7-brane breaks the SU(2)? x U(1)
isometry of the conifold to U(1)3. Since we are going to put a large number of flavor branes
and the preserved Killing spinors are independent from the particular point chosen, we put
each brane at a different location restoring the original SU(2)? x U(1) isometry. The ansatz

we propose will thus have this same isometry group. The smeared charge distribution for
Ny D7-branes, each made of two branches, is ([2J))

N
Q= 4—;(8111 01 d0y A dipy + sin 0 dfy A dps) . (5.1)
The metric ansatz is

ds® = h(p)~2 da3 1 + h(p)? ds?
1 1 (5.2)
2 2u(p) 2 L 12 29(p) L 2, i 2p 7 2
dsg = e\ <d,0 +9(d1/1+ > cos bl dp;) > + =9 5 E j(de + sin 9]d<pj>

which depends on three unknown functions u(p), g(p) and h(p). Led by the Bianchi identity
dFy = —Q9 we put

Ny 5

F = . )
1= 9 (5.3)
The ansatz for Bs is as in the KT solution, because D7-branes do not source any F1-charge:

M
By = <7f(,0) + Wb§0)> w2 (5.4)
M

Hy = =1 (p)dp s . (5.5)

We put a constant shift in By for later convenience. Our solution will have lim,_._ f(p) =
0, so that bgo) represents the constant value in the far IR. We will see in section which
is the meaning of the constant M.

In order to compute the gauge flux on a single D7-brane we need the 6d unwarped
Kahler form:

1 1
Jg = ge%dp Ag® — 6629(sin 01 dOy N dpy + sinfy dfs A dps) . (5.6)

which is directly derived from the metric. Then we can write the gauge flux F on each
brane. It must satisfy dF = Hs and, in order to preserve k-symmetry, it must be real
(1,1) and primitive (F AJ = 0). Let me start considering the branch ¥y. The x-symmetry
constraints are easily encoded in the ansatz

JT'

3

1 1
L= p(p) [—e2udp Ao+ 6629 sin 6y dfy A dpr | (5.7)
2
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which is also consistent with the SU(2) x SU(2) symmetry of the field theory. Then the
relation dF = Hs gives the following equation:

L0 = 5 0(0) + 5 5 (7p(0)) 6

On the other branch ¥; the gauge flux is the same but with opposite sign, namely:

F

= —p(p) |:1€2ud,0 A§°+ 1629 sin 0y dfa A d(pg] (5.9)
Y 3 6
with the same function p(p) as before.

I conclude the ansatz with an expression of F3 which automatically solves its Bianchi
identity dF3 = Hs A F1 — F A €)s. Here we have to put some care in the computation of
the effect of the smearing on F A {29, starting from the localized expressions for the two
branches. For each branch, the localized charge distribution is a sum of delta functions at

the different locations of the N, branes on the sphere: leoc = Zi\zl 5(2)(0j — 0](-“), Pj —

gog-a)) df; N dp;. Here Hj(-a) and <p§-a) are the coordinates of the a-th brane, branch j. In
the smearing we substitute such sum of delta functions with the homogeneous distribution

Qsmearcd

Nf sinf; df; A dpj. We simply have to repeat the same procedure for F A (o:
FE) AP — (5 A 5@ g 9 ) A Nf g 9. do
A 9 =F A (j,(ﬁj)dj/\d(pj — F /\ESIH jdj/\d(pj (510)
Summing the contributions from the two branches, we eventually get:

N
= ——fe2“p(p) dp N g® Aws . (5.11)

smeared
(f A Qg) o

Here it is worth stressing a subtle point. Naively one could have thought that since
Hs A Q%meared = 0 then there is no pull-back of Hg on the smeared configuration of branes,
and thus it is consistent to put their gauge flux to zero. But, as we saw, this is not
actually correct. What is correct is computing the flux on a single (probe) brane, then
evaluate F A QIOC and smear the latter. The content of H3 A Qsmeared 0 is that, in fact,
d(f AQ )smeared — H A Q;meared = 0.

Eventually, using equation (f.§) we obtain

MN; 8

H3 ANF — (f A Q2)smeared - 8p

f+rf- —629p dp A g® Aws . (5.12)
It is nice to observe that H3 A Fy contributes f in brackets while (F A Qy)*™aed contributes
the other f. This doubling with respect to the non-chiral case discussed in [R4] (where the
term (F A Qg)smeaed ig not present) is dual in field theory to the fact that in the chiral
theory the difference of gauge ranks gets reduced by Ny at each step of the cascade, while
in the non-chiral theory it scales by N¢/2.

The ansatz for F3 is then
M|N N
Fy 5 Nf e AP

2g 1
5 67TM ol g® Aws . (5.13)
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Notice that we should have allowed an integration constant C' in brackets; this constant
can be absorbed in a redefinition of f(p) and then appears in Bs, as we accordingly took
into account.

For completeness I report the expression of the gauge field strength and connection on
the branes, as derived from the definition F = By + 27 F; and equation (F-9):

_ 1 2u ~5 l 29, _M L0
2wy . 3¢ pdp N §° + <6 ep = f 5 by’ | sin By df; A dpq (5.14)
M 1 T R
2 A 5 = <—4 f - 6629])—1— 5 béo)> 95 . (515)

The expressions on Y1 are the same but with opposite sign.

Now that the ansatz is complete we can solve it. We impose that the supersymmetry
variations vanish. The details of the computation can be found in appendix [J. We find
that the equations for the 3-form flux decouple from the other ones, that can be solved
first. Being the ansatz the same as in [RJ], the equations and their solutions are also the
same. We find the system

3N
r_ [ ¢
¢ 47 ¢
g =% (5.16)
W =3 — 2% %ed’
8T

which can be (explicitly) integrated first. Its solution is (I suppress many integration
constants; for a general discussion see [R3]):

o dr 1 e = —6p(1 — 6p) =%/ (5.17)
3Ny (=p) e = (1—6p)/3e% . '
The range of the radial coordinate is p € (—00,0]; p = —oo corresponds to the IR while

p = 0is an UV duality wall. The equations for the 3-form flux impose that the combination
Gy = F3 —ie ®Hs is imaginary-self-dual, that is e? % F3 = Hs. Notice that it is also
primitive by construction. We get
3M [N N M
il B A SR/ il 1
4 [%f M © p} A (5.18)

The equations for the gauge flux (p.§) and the 3-form flux (f.1§) can be rewritten in
terms of p = €29p and f = e~2?f. We write the second one and their difference:

5 2 M
p=-y T
) ! . N (5.19)
2 [9p2u—29 5 ~/]:¢ fe20F _ Y 510
vl R A et e 7
Substituting the first into the second we get a second order linear ODE:
. 3N . 3N\? 5, -
Frae(Zted per2) frao( 2 ) 2 f=0, (5.20)
4 47

— 15—



where we could also substitute the actual profile of the functions. The equation can be
analytically integrated. Let me remark the dependence of the functions on M and Ny
before: if we take f of order one then f is of order N]% and p is of order M.

The author of [LF] tackles the same problem as here: the addition of D7-branes to the
Klebanov-Tseytlin background. He computes the effect of the branes at leading order in
N¢/M as a perturbation of the original background. Since his procedure is quite different
from mine, I comment on this in appendix .

6. Solutions

Equation (p.2Q) is a second order linear ODE, so there is a two dimensional vector space
of solutions. The first solution is

f _ (1 - 6p)2/3 e—2p
—p 3M 120> —12p+1 6.1)
= — e . .
S BM 120t 1241 L, P Co—6p)2s

2 (U6

Actually this is not the solution physically relevant for us, because both the 3-form flux
and the gauge flux diverge in the IR (while we would like them to vanish, according to
the field theory discussion). Nevertheless we can notice some interesting features. In the
IR (large |p|) the function f is suppressed by 1/(—p) with respect to p/M; thus the gauge
bundle dominates over the 3-form flux and determines the IR physics. In fact using the
approximate IR relation log p = r we get the ASD solution (B.6) in the KW background.

The second solution is expressed in terms of the F,,(z) function® defined as

0 o=zt 1 P
E.(z) :/1 dt :/0 e " 2dny . (6.2)

tn

For completeness here are some of its properties:

0,E,(z) = —Ep-1(2) nE,1(z) =e % —2E,(2) (6.3)
and the series expansions around z — 0 and z — oo:
1)i+1
. _ n—1
z2—0: Eu(z)=2""T1 +Z j+1—n
~ ( ) (6.4)
. :e_z iyl +g) 1 _ez e *
e 00t Bnlz) = — L;( 1) BYORE —+0(— ) -
The solution is:
1 1
=—13—(1—-6 ) - =2
- 3M 1 1
3M 6_2” 1
= — 3—-6 120> —12p+1)e3s 2 E - =2
PT T o) [ P (126" = 12p 4 1) 2/3<3 p)]

5In Mathematica is called ExpIntegralE.
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Figure 4: Plot of some relevant functions: f(p), 2p(p)/3M, 2p(p)/3M and Ns(p).

The expansions of f(p) and p(p) around p — —oo (IR) and p — 0~ (UV) are:

1 1 171 1
-t =+ —==4+0(=
d AR TY <p5>

s sMp 1 1T (L
P=57 U 5% 6 p° (6.6)
f:_g_6(2—a)—6ap+(9(p2)
p
]5:T{—;—12(2—a)—180z,0+0(p2)}

with @ =3 — 61/3E2/3(1/3) ~ 1.48. The plots of all these functions are in figure fi.

In this case, in the IR the function p/M is negligible with respect to f, and the
solution asymptotes the non-homogeneous piece of the ASD probe solution (B.12) in the
KT background.

6.1 5-form flux and warp factor

The ansatz for the self-dual 5-form flux is related to the warp factor in the usual way. This
is imposed by supersymmetry in the bulk, and we set:

B et9

w
108

with ws defined in (B-I0). We solve the Bianchi identity dFy = Hz A F5 — 3F A F A Qa.
The first term is readily computed. In order to evaluate (F A F A Q)% we proceed as
before: we first compute the localized expressions for the two branches and then we sum

Fy=0+x)d'zAndh ™ =dzndh™! +

5 (6.7)

them, obtaining;:

smeare N
R =
s
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Combining the two pieces we get the second order equation:

O (h et M2N 1 N "
oot ) = on (7 ) o

167 367

As we expect from supersymmetry, this equation can be integrated to a first order
equation. Making use of the BPS equation (f.§) we get:
h ets o M? Ny
T CR v 14z’
Here Ny is an integration constant. This expression also fixes the effective D3-charge, and
Ny represents the D3-charge in the far IR.

The warp factor is obtained by integration. Thus:

h(p) = /o: 108 e—49<w>{—% No - ]\g]:f [f(a:)2 — %(i)p—](\j)ﬂ }dw (6.11)

Nf 2
- o+ (6.10)

As in [R3, B4 the integration constant is chosen such that the analytic continuation of h
at plus infinity vanishes. This expression cannot be analytically integrated, but we can
provide the expansions in the IR and the UV. We find:

IR h—omeng— 1 Lo(L
' - 0(—6/9)2/3[ " (5”
27 o?
L o h=—2laeN, Y
oy AN, 14 O

In the IR we recognize the almost conformal behavior of the flavored KW solution RJ]. In

(6.12)

the UV the warp factor diverges to negative values, signaling that at some p < 0 it becomes
zero and the supergravity description breaks down, as in the UV region of the KS and KT
solutions flavored with non-chiral fundamental matter [24].

From figure f§ and the plot of p, one could think that the worldvolume flux diverges
in the IR, invalidating the solution. Instead what matters is the modulus |F|?> computed
with the full 10d metric, including the warp factor. One gets in the IR:

2 2
. o _ 7M™ 1 1
e +o<p7> . (6.13)

Thus the flux vanishes and its energy is integrable in the IR.

7. Charges in supergravity

We go on with the analysis of the solutions just found. My main goal in this section is to
match the cascade and the running of gauge ranks between supergravity and field theory.
The way I proceed is similar to the analysis performed in [24]. We start computing Maxwell
charges, defined as the integral of the corresponding R-R fluxes:

1
Np3 = _7(47720/)2/6 Fs Np7 = _/c Fy
5 1

) (7.1)
Nps = —— Fs .
D5 = 5 /C3 3
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For sign conventions see appendix , and we again set o = 1.

The integration is done on the 3-cycle S® = {6, ¢2 = const} in 71! and on the whole
T respectively. We compute the integral of By on the 2-cycle S? = {6 = 63,1 = —o}
as well, obtaining:

1 MN
MCH:F/ F3 = f(f——P>
7I8 S3
1 MNf o Ny o
Nog = — Fs =N, 7.2
= 960 Jr, 00T T (7.2)
1 M (0)
b — By = — b
07 4x? Joo 2 o) T2

The integral by is an axionic field defined modulo 1. Shifting it by 1 does not affect
physical quantities; nonetheless it corresponds to a Seiberg duality [§]. We can understand
the cascade by following by: everytime we lower the radial coordinate (and thus we lower
the energy scale) such that by — by — 1, we have descent one step of the cascade. Then we
can look at the shift of Maxwell charges in this process.

In our solution the functions are such that in the IR we can neglect p/M with respect
to f. Then in one cascade step we experience:

My = M) ~ Mg = N,
= o y Ny (7.3)

21
M Net = Ny ¥ = NG = MG + =

f(i) N f(i—l) — f(i) _

Here ¢ is an integer that counts the number of Seiberg dualities from the bottom up.
Without taking the IR limit, both Mg (p), Neg(p) and bo(p) are positive monotonically
increasing functions, of which I give the IR and UV expansions:

MN; 1 1 MN; «
MCH = ! o) +0 <—3> Meff = — + O(p)
R 2 p p UV - 2m 2(—p)
' M?Ny 1 1 ' M?N;y o? 1
“Ny=— 2 - N —No=—L " +0(=
et = No = g™ i + © <p5> T <p>
(7.4)

These formulae are not satisfactory at all. First of all they are only approximate;
moreover in the UV the functions f and p are of the same order giving a very different
result, and in the middle there in no clear pattern. The reason is that we are looking
at the wrong objects. As fully explained in [24], Maxwell charges are gauge invariant and
conserved, but are not quantized nor localized: they gain contributions from the whole bulk
and from the charges induced on the D7-branes. Thus they are not suitable for identifying
gauge ranks. The correct objects to look at are Page charges: they are quantized and
localized on the D3 and Db5-branes that source them (they are not even sourced by the
induced charges on the D7’s). On the other hand they are not invariant under large
gauge transformations. These ones, which are quantized themselves, precisely correspond
to Seiberg dualities and we expect Page charges to change accordingly.
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7.1 Chiral zero modes

Before going on with the computation of Page charges, I want to give a physical explana-
tion of the origin of the chiral gauge singlet fields ®; transforming in the (Ff, Ny) flavor
representation. For this, we need to do a little digression.

Consider the following brane configuration: put two stacks of Ny spacetime filling
intersecting D7-branes on M3z X T6 (I am interested in the local physics, so I neglect
tadpole cancellation issues). Each stack wraps a 7% in 7% and they intersect along a T2
(times Minkowski spacetime). The theory at the intersection is an N/ = 1 6d chiral gauge
theory with 8 supercharges, gauge group U(Ny) x U(N¢) and bifundamental chiral matter.
Of course, when compactified to 4d, the theory is N' = 2 non-chiral. Moreover in the
decompactification limit and from a 4d point of view, the whole theory gets frozen (being
higher dimensional).

The situation is different if we put some (supersymmetric) gauge flux on the D7-branes.
The number of supercharges is reduced to 4, signaling that a 4d dynamics is taking place.
This is in fact the case, as the system is T-dual to D6-branes in Type ITA intersecting at
angles. Due to the non-trivial flux F5 in II1B, the D6-branes intersect at non-right angles
on all of the six directions; the intersection is four dimensional and 4d chiral modes arise
there, transforming in the bifundamental representation. The honest computation in I11B
was performed in [B (actually in the context of magnetized D9-branes). The net effect
of the flux, which is pulled-back to the intersection, is to twist the Dirac operator so that
there are a number of zero modes. This number is given by the difference between the
fluxes on the stacks:

_ 1 (A) _ (B
No= /T2(F2 o). (7.5)

In [BF] it was also shown that the zero modes are localized at a point in the 6d intersec-
tion, developing a 4d identity. This obviously corresponds to the intersection being four
dimensional in ITA. Moreover, in the decompactification limit the gauge theory decouples
but the zero modes preserve their 4d essence. As the fluxes on the D7’s are quantized so
is the number of zero modes, which corresponds to the number of intersections in ITA.

In our setup we have a very similar situation. We have two stacks of D7-branes’ which
intersect along an holomorphic submanifold of complex dimension 1 and with topology
of C*. On the branes there are opposite gauge fluxes, which I expect giving rise to chiral
zero modes with 4d dynamics and transforming in the (Ny, Ny) representation of the flavor
group. Unfortunately the intersection is non-compact thus an equally clean derivation is not
possible. Nevertheless, in our supersymmetric setup (where charges are equal to masses
so that they always sum and never cancel together) we can interpret F, as providing a
density of zero modes. This means that integrating F5 on a region we get the number of
zero modes originating from there.?

" After the smearing all the branes in a stack are separated, that means that the gauge theory on them
is in the Coulomb phase and U(Ny) is broken to U(1)"7. This does not change the conclusion.

8The actual position of the zero modes is encoded in the Wilson lines of the gauge connection. So in
principle the zero modes could be everywhere, not necessarily in the region we are considering.
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We take the gauge field strength in our solution (p.14) and pull-back FQ(ZQ) — F2(Zl) on
the intersection II = X1 N Xy, We get:

2Py = (27TF2(22) - 27TF2(21))‘H = gezup(p) dp Ndip . (7.6)

Notice that in the far IR the gauge field strength on the branes goes to zero, confirming that
the IR field theory does not have extra gauge singlet fields. Then we produce a function
that counts the number of zero modes from the far IR, p = —oo to some energy scale p by
integrating the gauge field strength Fj,t on the intersection IT up to the radius p:

1 M 1
Na(p) = — 27 Pt = 5~ f(p) = =P 7.7
o0 =g [, 2= 5 S0)— 55l &

Now we can perform an IR analysis in the region |p| > 1. Neglecting the function
p/M with respect to f, in the shift f(p) — f(p — Ap) = f(p) — 2m/M which corresponds
to one Seiberg duality towards the IR we have a shift

No(p) — No(p — Ap) = No(p) — 1. (7.8)

This result confirms that, at least in the IR, in each Seiberg duality we lose one chiral zero
mode @ in the bifundamental flavor representation.

It would be nice to give an interpretation to the scaling of Ng in the UV. Moreover it
would be interesting to give a more rigorous counting of the zero modes contained in the
throat up to some radius (energy scale) rg; a possible solution could be appealing to the
index theorem with boundary.? I leave these issues for future investigations.

7.2 Page charges

Page dual currents [B7] can be obtained by writing the Bianchi identities with sources as
total differentials. The only terms that cannot be written in this way are the source delta
functions corresponding to the D3 and fractional D3-branes at the tip of the conifold that
produce our background, and that are replaced by their fluxes in the geometric transition.
In particular the Page charges obtained by integration do not get contributions from the
bulk nor from the induced charges on the D7-branes, are independent of the radial coor-
dinate where we measure them and are quantized, making them very suitable to measure
gauge ranks.

In general by takes in the far IR some limiting value bgo), that we conventionally
choose in the range bgo) € [0,1]. This range is special because it returns us positive
square gauge couplings when exploiting usual formulae [B§]. Then, moving towards the
UV, by starts growing, ending up out of that range at a generic energy scale. We could
say that the field theory is still the one of the IR, but such a description is not useful
because the gauge couplings have grown diverging and then becoming imaginary. Thus
we had better shift by by —n units bringing it back to the range [0, 1]; this process is a
large gauge transformation or a Seiberg duality. We end up with a new equivalent field

T thank B. Acharya and G. Shiu for this suggestion.
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theory description, with different gauge ranks but real positive gauge couplings. In this
way making large gauge transformations at a fixed energy scale (which changes the Page
charges) is a way of understanding the cascade.

Our Page dual currents are

*jg%ge =I5 —ByAF| +21ANQy (79)
1 1
- *ng;go = Fy — By A F5+ 532 A Bs A Fy + 5271'14 AN2rdA N Qs . (710)
One can check they are in fact closed forms. Page charges are obtained by integrating their
differentials: )
Page .Page
s m / s
(7.11)
Page Page
D3 = Wza / d*jps
where V; and Vg are bounded by S and T"!. Using Stoke’s theorem we eventually get:
1
QPage = —/ (Fg — By N Fy —|-27TA/\QQ)
4m2al Jg,
Qpagez_;/ F5 — By A F. —1—13 A Bs A F —|—l27rA/\27rdA/\Q
@2 )2 Jpua 5 2 A3+ 5 b2 2 1+ 3 2
(7.12)

We compute the Page charges of our solution. Some care is needed in the evaluation
of the smeared forms (see the discussion at page [[4). One gets

QPage o _Nf b;O) (7 13)
age N 0 ’
Qpi® = No+ = (8"

After identifying a dictionary between supergravity and field theory, we will match these
charges with the IR of the theory.

Then I am interested in how these quantities change under a large gauge transformation
of By. We perform By — By + ABy with

ABy = —nmwy nez. (7.14)

It is a gauge transformation because AHs = 0 and ﬁ | g2 ABy = —n (n identifying the
number of Seiberg dualities) and is large because ABy is not an exact form. A shift of By
must be accompanied by a shift of the gauge connection A on the branes, since F is the
gauge invariant quantity. Thus 27dAA = —AB,y. We find

T .5

2rdA A =-nz§. (7.15)

= ng sin 61 df1 A dpq 2rAA

22 X:2

The variations on Y1 are the same but with opposite sign.

Page

The variation of the D5 Page charge is readily obtained: AQ s = nNy. In the com-

putation of the D3-charge I imagine having already shifted By by m units, so that we use:

M M
= (7]"4— (bgo) —m) 7T> wo 2rA| = <Z f- %ﬁ—l— g (bgo) - m)> §° . (7.16)

Yo
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After some algebra we get
Page (0) 2 Nf
AQps" =n(m —by )Nf—l—nT. (7.17)

Notice that the first piece is the D5-charge before the shift.
We can summarize here the result:

AQE =n Ny s
AQg%ge _ anaége +n2 % ) ( . )
The formula is consistent with subsequent shifts and with (7.13). The case n = —1 corre-
sponds to one Seiberg duality towards the IR. Notice that it gives the same approximate
IR result derived with Maxwell charges. Anyway Page charges give us an exact and much
cleaner result.

Unfortunately I was not able to find a kind of Page charge to measure the number
of chiral zero modes. Let me just notice that the quantity Ng does not change under the
large gauge transformations we considered. I leave this problem for the future.

8. Brane engineering

In this section I engineer the effective field theory at some energy scale with probe branes
on the singular conifold, and compute the charges generated by such a configuration. In
this way one can construct a dictionary between the supergravity (Page) charges and the
field theory ranks. Initially the goal is to construct a generic theory with gauge group
SU(g1) x SU(g2) (91 > g2), flavor group U(Ny) x U(Ny) and k gauge singlet fields in the
(Ff, Ny) flavor representation. As we will see this is not easy, and we will restrict to the
class of non-anomalous theories. Nonetheless this is enough to understand the cascade.

The gauge theory is realized as the near horizon theory on a stack of fractional D3-
branes, which can be thought as D5-branes wrapped on the 2-cycle of TV and possibly
with gauge flux on them. The computation is as in [[[§, P4]. The Wess-Zumino action for
a Db-brane with flux is

Sps = ,u5/ [éﬁ — (Bg + 27TF2) VAN 04} . (8.1)
Ms3,1 x S2

We consider a flat background value for By proportional to we, and F5 can be expanded
on the pull-back of wy on the brane:

Bg = 7Tb0 w2 27TF2 = 7T¢0 (:Jg s (8.2)

so that # | g2 B2 = by and # | g2 2mFy = ¢9. The gauge bundle is quantized according
to ¢9 € Z. We read that the D5-charge is 1 and the D3-charge is —(by + ¢¢). For an
anti-D5-brane the charges are the opposite: D5-charge —1 and D3-charge (bg + ¢¢). The
gauge theory of interest is realized with g; D5-branes and g, anti-D5’s with one unit of
flux. The charges are summarized in table f.
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Then we consider the case of a D7-brane without flux, with one branch along ¥; =
{61, p1 = const} and one along 3o = {03, p2 = const}. The Wess-Zumino action is:

. 1 . 4
SD7:/L7/ |:08—(B2+27TF2)/\06+_(B2+27TF2)2/\O4—ﬂ-—pl(R)/\04 . (8.3)
M3 1x% 2 3

The topology of the branches in the singular conifold is C?\ {0} because they pass through
the singularity and a resolution is needed in order to understand the physics. In the
resolutigll of the conifold one branch participate to the blowing up of the 2-cycle, giving
rise to C2 (C? blown up at a point), while the other one is not modified and only touches
the exceptional cycle at a point (see appendix [E). Which one of the branches is blown up
is reversed by a flop transition, anyway the physics does not depend on this choice.

The case without flux is the one considered in [RJ], and the case we expect to be
realized in the far IR of our solution. Even if we are not putting flux on the brane, we
cannot just take Fy = 0 because the pull-back of Bs does not go to zero at infinity and one
would get an infinite induced Eklarge. Thus we set an Fb that kills the tail of By at infinity
but has no flux on S? (in the ( C2 case). The resulting F is zero on the C? branch and is the
Poincaré dual to S? on the C2 branch. The details of this computation are in appendix [H.

I call o5 the Poicaré dual to S? on the C2 branch; it satisfies

/92a2:/a2A02 /02/\02:_#(52752):1 (8.4)

for every (normalizable) closed 2-form ap. —1 is the self-intersection of S? on C2.10 Thus
the gauge fluxes on the two branches are:

=0 f(@ = 4nby s . (8.5)

Then the two reduced actions are:

Sor(@) =iz [ Cut(eum) [ €y (3.6)
M371><(C2 Ms3,1
— bg
SD7((C2) = Iu7/ __Cg —bg s / Cs + |:E + (CUTV):| us Cy. (87)
M3,1 ><(C2 ]\43,1><S2 M3,1

The curvature couplings are computed in appendix [{ for completeness, even if they do not
play an important role. The induced charges can be immediately read from these expres-
sions, and are summarized in table Bl This result is in perfect agreement with the Page
charges ([.13) in the far IR, confirming that our theory flows to the flavored KW theory.

At this point we can readily obtain the charges s/o\urced by a D7-brane with flux as
well. Obviously we can only put some F5 flux on the C2 branch, since the other one does
not have any 2-cycle. To add ¢g units of F» flux on S? we substitute by with (bg + ¢g) in
the expression of F. Again the result is in table f.

10The minus sign in front of the intersection form comes from my conventions on the volume forms on ¥
and S?, both inverted (see appendix @ and E)
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frac D31y | frac D3y D7¥1 + D7*2
D3-charge —bo 1+ by 3(bo + ¢0)? + (curv)
D5-charge 1 -1 —(bo + ¢0)
D7-charge 0 0 1+1
Number of objects g1 go Ny

Table 2: Effective charges for fractional D3-branes and D7-branes with flux.

One could think that the number ¢q of units of flux on the D7-branes corresponds to the
number Ng of zero modes arising at the intersection, thus to the number of gauge singlets
in field theory. Actually this is not exact. The reason is that for generic values of the gauge
ranks and of the number of gauge singlets, the chiral flavor symmetry is anomalous. From
the gravity point of view, the action of the gauge theory living on the D7’s is not gauge-
invariant; the variation is a boundary term, and since the branes are non-compact this is
not an inconsistency and only represents an anomaly for a global symmetry in field theory.

There are two kinds of possible sources of anomaly. The first one arises as a would-be
tadpole on the D7-branes: since dF = Hj, if the cohomology class of Hs on the 4-cycle is
non-vanishing there is a tadpole. In our case fc3 Hj3 = 0 for every compact 3-submanifold
on the D7 worldvolume so that there are no tadpoles. The second one is precisely the
anomaly for the chiral flavor symmetry. It could be computed by performing a gauge
variation A = d\ of the Wess-Zumino action for a D7-brane, along the lines of [[i4, iF]
and more recently [if]. An anomaly is seen as a non-vanishing variation of the boundary
term, so that the absence of f-f-f anomalies translates into d)Swyz = 0.

Thus suppose starting with a configuration of Ny D3-branes and Ny D7-branes without
flux, which is the non-anomalous flavored KW theory. We can put one unit of flux (¢g =
—1) on each C2 branch of D7. This gives us a new non-anomalous configuration. From
table ], the modification of the charges is that of the addition of N + D5-branes wrapped
on S? and a D3-charge of % On the other hand, we know that a non-trivial cohomology
class 27 Fy for the D7 gauge bundle represents D5-branes dissolved (or even localized) into
the D7’s. In particular a flux on S? represents D5-branes that wrap the 2-cycle.!’ The
new non-anomalous theory is thus engineered by Ny D3-branes, N; D5-branes and Ny
D7-branes, and being non-anomalous there must be one gauge singlet field. What we have
found is precisely our field theory at the first (from the bottom) step of the cascade.

This is a general pattern. Each unit of flux on the D7’s corresponds to the addition
of Ny fractional D3-branes (thus increasing the difference of the gauge ranks by Ny), one
gauge singlet field to preserve the anomaly and a number of D3 branes. We will match this
pattern with the field theory cascade in the next section. If we want to isolate the charge
contribution of one gauge singlet field, it is just a D3-charge of % In table f we report
this different counting of charges.

"Notice that since one of the D7 branches wraps the shrunk 2-cycle, the D5-branes wrapped on it must
necessarily lie inside the D7.
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frac D31y | frac D3y D71 + D72 | Ng
D3-charge —by 1+ bo 202 + (curv) %
D5-charge 1 -1 —bg 0
D7-charge 0 0 1+1 0
Number of objects g1 go Ny k

Table 3: Effective charges for fractional D3-branes, D7-branes without flux and N gauge singlets.

8.1 The cascade

I conclude with the matching of the cascade between field theory and supergravity. We
consider at step (i) a theory with gauge group SU(g1) x SU(g2) (with g1 > g¢2), flavor
group U(Ny) x U(Ny) and k gauge singlet fields in the (Ny, N¢) flavor representation. It
is realized with ¢; fractional D3-branes of type one and g2 of type two. The Page charges
sourced by this configuration are (table fj):

MY =g, — gy — boNy

) b2 N (8.8)

NO = —by g1 + (1 +bp)ga + 50 + Tfk: + (curv) .
After one Seiberg duality towards the IR we have at step (i — 1) a theory with gauge group
SU(g2) x SU(2g2 + Ny — g1), the same flavor group and k — 1 gauge singlet fields. The new
Page charges are:

MUY = gy — (2g5 + Ny —g1) — boNy

(1) BNy (8.9)
NV = —bggo+ (1 +bo)(292 + Ny — g1) + 5 + T(k —1) + (curv) .
Thus we verify that
MY — @ Ny
8.10
NG = N _ a4 N (8.10)
2 9

in perfect agreement with the supergravity computation ([7.1§).

The careful reader could wonder what is the role of the constant M in the supergravity
solution. In the field theory there is no rank controlled by it: in the IR the gauge ranks
are equal and controlled by Ny; then, going towards the UV, at some energy scale they
start growing and the cascade is controlled by Ny. The parameter M does not enter, and
in fact it is not even quantized.

It turns out that M fixes the energy scale of the last (lower) Seiberg duality. This last
step (after which the theory does not cascade any more) takes place at a radius 7y such
that bg(rg) = # Jg2 B2 is 1. Then, neglecting for clarity "), one finds f(ro) = 2w /M.
The biggest is M, the smaller is the energy scale of the last Seiberg duality compared with
the duality wall scale, and the larger is the number of dualities contained in the weakly
coupled supergravity description.
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9. Conclusions

In this paper I presented a field theory obtained as a chiral flavoring of the Klebanov-
Tseytlin theory. The RG flow is understood as a cascade of Seiberg dualities in which
flavors actively participate, and new gauge singlet fields have to be taken into account.
Then I proposed a gravity dual, constructed by putting backreacting flavor D7-branes with
flux in a background. The existence of a gravity dual gives more sturdy ground to the
cascade, and allows us to predict the full non-perturbative RG flow.

The UV theory presents a duality wall as well as a Landau pole, as it happens in [24].
The fact that by(p) diverges as approaching the Landau pole tells us that an infinite number
of Seiberg dualities would be necessary to reach a finite energy scale, and the number of
degrees of freedom diverges as well. Of course this has to be taken with a grain of salt as
the string coupling (and the gauge coupling) diverges as well. On the other side, along the
cascade the difference between the gauge ranks reduces going towards the IR. At some point
they get equal and there is no cascade any more. The string coupling always decreases,
which initially translates into both gauge groups having positive G-function and the gauge
couplings flowing towards zero. As explained in R3], at some point gsN t becomes small, the
flavor branes do not backreact any more and the gravity solution asymptotes the KW one
but with smaller and smaller string coupling. On the field theory side the gauge coupling
stops at some minimal value g, (the extremum of the line of conformal points, where
the quartic superpotential vanishes) and what still flows to zero is the flavor superpotential
coupling. Eventually the theory reaches a fixed superconformal point with flavors, vanishing
superpotential and gauge coupling g.. This is badly described by supergravity.

There are a number of comments in order. Computing Maxwell D-brane charges and
Page charges, we discovered the first instance where they are not on the same footing:
the cascading of gauge ranks is perfectly described by Page charges but not by Maxwell
charges. It would be interesting to understand which is instead the physical information
encoded in Maxwell charges.

The flavoring of the KT cascade is interesting for another reason. When trying to gen-
eralize it to fractional branes at more generic conical singularities (see for an example),
an IR problem arises: if there are no complex deformations the singularity cannot be re-
solved, the field theory presents a runaway behavior and/or it breaks supersymmetry (.
The addition of flavor branes can cure this problem, as fractional branes can disappear in
the IR and the field theory still flows to a superconformal point. When trying to flavor
these theories with D7-branes one discovers that generically it is not possible to do it in the
non-chiral way of [24]. The flavors generically couple to operators with non-zero baryonic
numbers; on the gravity side, generically the pull-back of Hs on the 4-cycles is different
from zero. Thus the most general situation is the one exemplified in this paper.

For instance the authors of ] used the last step of a cascade obtained by flavoring
the cone over dP; (equivalently Y*!) to study realizations of the ISS mechanism [d] in
string theory. The flavoring they consider is of chiral type, with a cascade quite similar
to the one presented here. It would be interesting to explicitly realize the gravity duals to
those models.
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Lastly, the appearance of 4d chiral zero modes along the intersection of branes with
flux could have a relevance for the construction of phenomenological models. In [[] it was
considered a mechanism for localizing fermions in the bulk of a Randall-Sundrum throat.
Here we explicitly see another possibility.
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A. Conventions and Calabi-Yau geometry

My conventions on the Hodge dual in six and ten dimensions is that Fj, A xF,, = |F,|? vol,,
where |F,|? = %(Fp)m..#n (Ep)un..mg"t¥* ... gt Then the Euclidean Hodge dual in 6d
and the Lorentzian one in 10d (mostly plus signature) act on a vielbein basis respectively as:

Eal...apbl...bn,p

k(€ N NeP) = LA A (A.1)
(n—p)!
60,1...apb1...bn,p
F0(e A Ae) = —p— s — (—1)%0 bt Ao A ghnp (A.2)
n—p)!

where dg, 0 is 1 only when one of the a; is the time component. The 6d Kahler form and
holomorphic form (B.4) and (B-J) satisfy the following properties: are closed, co-closed,
JNJT = 2% J, %0 = —iQ and J> = %Q A Q = 6volg. A convenient vielbein basis,
compatible with metric, complex structure and orientation, is:

T T T r
—db;, ———=sinbdyp1, ——=dbfy, ———=sinbydyp, . A3
\/6 1 \/(—), 1491 \/(—), 2 \/6 2 G2 ( )

Notice that the induced volume forms on the 4-cycles ¥; and the 2-cycle S? get a minus

1
d7 o 57
r 37"9

sign in front.

The holomorphic (3,0)-form can be derived in the following way. First the complex
structure of the conifold is inherited from C* by defining it as the locus 2129 — 2324 = 0.
The coordinates z; are related to my coordinates through

21 = r3/2e2W=91792) gin (6, /2) sin(6a/2) 25 = 13/2eH2WH91792) ¢og(6, /2) sin(fa/2)
2 = 13/2eH2WH01402) 005(0, /2) cos(62/2) 2y = 132 2W=01402) 6in (6, /2) cos(62/2)
(A.4)

We can perform the linear change of coordinates

z1 = w1 + two Zo = W1 — 1 Wo 2z3 = w3 + 1wy Z4 = —w3 +iwy , (A.5)
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so that the conifold equation becomes w} + w3 + w3 + w3 = 0. Then the holomorphic form

is given by
. dwy N dws N dwy

w1

Q

(A.6)

B. Equations of motion

The equations of motion for the form-fields can easily be derived from the Einstein frame
action in the following fashion:

1

1 1
SHB = ﬁ{/dloﬂfv—gR — §/|:8¢/\*(9¢+62¢F1 A *Fl + §F5 /\*F5
10

+ €_¢H3 VAN *Hg—l-ed)Fg NxF34+Cy N Hg A F3:|
(B.1)

—/d8§ e? \/— det(g + e=¢/2 F)
. 1. 1, 5 1 .
+ 08—06/\.7'—+§C4/\.7:/\f—602/\.7'— —I-ﬂCof .

I substituted 2x3,u7 = 1.

Unfortunately, not all the source terms are correctly derived from it. For instance, the
source term in dF5 comes without the % factor in front. The same problem arises if we
consider a D3-brane: the action Swz = us f o gives us twice the correct source term in
the BI of F5. The origin of this is that a D3-brane is both an electric and magnetic source,
and a Lagrangian formulation is not suitable for it. A good guiding principle is requiring
the full system of EOM’s to be consistent with d? = 0.

Problematic is also the EOM for d(e~?* H3). The bulk computation involves in general
all gauge potentials, which are not defined in the presence of the sources we want to take
into account. Thus our strategy will be that of introducing sources one-by-one. At the
level of EOM’s, all the sources can be introduced at the same time.

The variation of the type IIB bulk action with respect to By is:
Hioéggf = %d<—02 N *xFj5 +26_¢*H3 — 2C0€¢*F3 + Cy N F3 +CoC4/\H3> . (B.2)
Without sources, the EOM is easily worked out substituting the BI’s, and we get ([..9).
Anyway, in the presence of sources there are obstructions. If dF,, — H3 A F},_3 # 0 then

2

Cp—1 is not defined. In these situations the equation is meaningless. Then we perform a
partial integration in (B.J), exploiting that d* = 0:

3Smp 1
)2, 2018 :—d(ze—¢*Hg—H3A02A02—202AF5+2COF7) (B.3)
3By 2

so that the equation is:
d(e_d)*Hg) = - ANF; —F5ANF34+CoANdF5 — CodFr —
—CyNHs N F3+Co Hs N\ F5 + (DBI + WZ) . (B.4)

2
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Now we can consistently take dFs — Hs A F3 # 0 and dFy — H3 A\ F5 # 0. With a different
partial integration we can obtain another equation involving only Cy and Cg and not Cy
and Co. Now we can substitute the BI’s to get the correct source terms from the bulk
action. The result is:

1 1
d(€_¢*H3) = —Fl/\F7—F5/\F3— <CG—C4/\f+§CQ/\f2—§CQf3> /\QQ+ (B5)

The terms we are still missing are the ones from the DBI and WZ action.
The contribution from the D7-brane action is obtained by recalling that 6Sp7/dBy =
dSp7/0F:

2/4}10 —532

5
— _ 2 ps —¢/2 2) _
¢ W\/ det(§ + e—¢/2 F) 5 (D7)
1 1
—(CG—C4/\]-"+§CQ/\}"2—§CO}"3> AQs . (B.6)

Notice that the first piece is not explicitly written as a form. Eventually, summing the
bulk and brane contribution to the equation, we get:

d(e™®« H3) = —Fy AN Fr — Fy A F3 +¢? % \/— det(j 4+ e=¢2 F) 6@ (D7).  (B.7)

As we show below, it considerably simplifies in our setup: a spacetime-filling D7-brane
in a warped product space, along an holomorphic 4-cycle and with (1, 1) anti-self-dual flux.
In this case the variation can be written as:

e? % \/ —det(§+e=9/2F) 6D (D7) = —h L dvolg 1 AF AQy . (B.8)

Adding the Wess-Zumino actions for D3 and D5-branes we can in the same way com-
pute the charges they source. In particular:

Sup D M3/ Citps | Co (B.9)
D3 D5

leads to the effective charges written in equation ([7.1)) (apart from the factor of 2 mentioned
above).
B.1 SU(3)-structure manifolds and submanifolds

I give here some useful formulae. In our setup the D7-brane wraps an holomorphic 4-cycle
in a 6d complex SU(3)-structure manifold. The 4-cycle inherits a complex structure and a
(non-closed) Kahler form J. Moreover the gauge flux F on it is real (1,1) and primitive
(F AJ =0). This is equivalent to F = — %4 F [BJ. I give an expression for /det [§ + F]|
and its derivatives in this particular case.

F=—xF =  y/det|g+F|d*"z=

Moreover in [BH] it is claimed that

Jdet]§ £ 7] d%z%(jAj—fAf), (B.11)

(JANT—FAF). (B.10)

N =

- 30 —



and the inequality is saturated only for an holomorphic embedding and F = — x4 F.
Then I compute the variation of the determinant under a general variation of F:

1
0 \/det|g + F[ = 5\/det g + F[ (9 + F)y ttltl s F,, (B.12)

This expression evaluated for an ASD F (but still completely general §F) gives:

§\/det |+ F| d%‘f = —FNSF. (B.13)

=—x4qF

B.2 Probes: SUSY vs EOM’s

With formula (B.1J) at hand it is easy to verify that the k-symmetry constraints for the D7-
brane imply that the equation of motion of the gauge connection A is satisfied. Making use
of the actual warped product shape of the metric and taking advantage of the x-symmetry
constraints, the variation of the DBI plus WZ action is evaluated to be

S A A 14 1 -
2H§0—5J£7 = —h"'volg g ANF =G+ CanF = SCoNF2 + 2Co FP (B.14)
The EOM for A states that this must be closed:
1) . . 1. 1 .
0 =2x%yd ?g = —dh~ vols  AF — bt volsy AdF — Fr+ s AF = S Fs N F2 4 B AT
(B.15)

In our class of solutions the terms F3 A F2 and F} A F3 automatically vanish, while the
first four terms cancel provided that

Fs = dh™* Avoly; + Hodge dual % xg F3 = Hj dF = Hs.  (B.16)
In particular Fy = —e® 1o F3 = —e‘i’h_lvolg,l A *xgF3 = —h_1V01371 A Hs.
C. SUSY variations

I will make use of the following SUSY variation of Type IIB Supergravity:

1 .
S\ = §FM <8M¢ o i€¢FJ§/})>E + ;_4 e¢>/2 I‘MNP<F]S3VP — ie_d)HMNp)E* (Cl)

1 7 )
deym = One + ZWNPMPNPE + 1 e? FJS)E + mF](\,‘%I)DQRSFNPQRSFM € (C.2)
- ;—6 2 (Fthg — ie ™" Hyrq) (Ty) 79 = 93jTF2) e, (C.3)

with I'’s real matrices. From the metric ansatz (§.9) we derive the following vielbein, which
is compatible with complex structure and orientation:

_—1/4
el =h""dt i = pa .

p_ 11/4 u N
e’ =h eudp | DO (C.4)
eV = B g ¢?1 = —h!/ 7 sin 0 dg; -

3
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The spin connection in vielbein indices is:

e~ uh
R e B . ,
Ap5/4 e € “(4hu’ 4 1') o
0, (Ahg + 1) AT
W s 4h5/4 € 0. e~29tu
- / / Wi = —— ¥ (C.5)
o e “(4dhg' +n') . B1/4
WPIP = — 2 7 0¥
4h5/4 . e 29tu
e 9cotd e 29tu W=~ hl/4 ¢’
Oip;i _\/_ J Yj _ Y
A - e €
hl/4 hl/4

I will perform computations in vielbein indices. From the ansatz for the 5-form
flux (B.7) we get, contracting with the I'’s and lowering the indices:

5 g e—u /
FyporsTVPORS = 51 5 (T0123 + Tinpi0a2) - (C.6)
The usual ansatz for the preserved Killing spinor in the bulk is:
€ = h_l/se_i% €0 F0123 €= —1€ (C 7)
L01230001 01050 € = € Lpype=Top € =TLopp, e = —ic.

We can start computing the variations. The terms containing € and €* give indepen-
dent equations. Let me start with the € ones. The dilatino variation gives the equation for
¢ in (5.16), while the gravitino variations give the equations for g and u. Then we consider
the €* terms, recall that the I'’s are real. The equation we obtain is equivalent to imposing
e¢ *g Fg =H 3-

I have checked that the solutions satisfy the Bianchi identities and the equations of
motion ([£3) and (B.7) for the form-fields.

D. Comparison with Ouyang’s procedure

In [[5 the same issue as here is addressed: the addition of D7-branes to the Klebanov-
Tseytlin background. The author computes the effect of the branes at leading order in
Ny/M, as a perturbation of the original background. His procedure to extract the first
correction to the 3-form flux G3 is imposing the correct SL(2,Z) monodromy as circling
around the brane. I would like to briefly comment on how this is equivalent to taking into
account the worldvolume gauge bundle, which we saw is so important to obtain the correct
scaling Mg — Meg — Ny.

Let me start showing how can a monodromy contain information about localized
charges. Let 7 = Cy + ie”? be the axio-dilaton. A D7-brane generates a monodromy

T — 7+ 1 (where the general SL(2,7Z) transformation is 7 — Z:jr'g) Thus

2T
1:00‘0 :/dcoz/F1 :/EdFl = AR = —0(DT7), (D.1)
v Y

where 7 is a 1-cycle circling the D7, ¥ is a 2-surface having v as a boundary, d2(D7) is a
delta-form at the D7 location and (—) comes from the orientation.
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What is the information encoded into G3 — ij 57 In our case G3 has trivial mon-

odromy, so the same is true for F3 and Hs. Then:
2T N
0= Fg‘o = /dF3 = /(Hg/\Fl + ay) :/[H3A52(D7)+doz4] = —Hg—l—/ day . (D.2)
v 0l % by

The triviality of the monodromy implies that the source term a4 in the Bianchi identity is
non-vanishing, and in fact equal to the gauge bundle induced charge:

sources = oy = —F A 02(D7) (D.3)

with dF = Hs.

E. Poincaré duals and exceptional divisors

On compact and oriented manifolds Poicaré duality is a canonical isomorphism between
H,(M,R) and H"P(M,R), established through the two canonical isomorphisms with
HP*(M,R) defined using the two linear pairings:

Cron)= [ 0y and ()= [ap Ay (E.1)

P

Equivalently, the duality C, <+ wy,_, can be established requiring that for every cohomology

/ ap = /ap A Wp_p . (E.2)
Cp

Given a metric, one can also define Hodge duality from H?(M,R) to H""P(M,R). Poicaré
duality maps the intersection operator N in homology to the wedge operator A in cohomol-

class ay:

ogy. If the dimension of M is n = 2l then the intersection number is given by

#(C, D) = /COD 1= /wl/\O'l. (E.3)

In order to understand the geometry and the induced charges of probe branes at the
conifold singularity it is better to resolve it. This process in general breaks supersymmetry,
but it is a good way of computing topological quantities such as charges. The metric and
the Kéhler form of the resolved conifold are [[I2):

2 1o, 7 sv2 TP o oy TEHA s 2
dsg = Wdr + Ek(r)(g )+ E(del + sin” 61 dp7) + (dO3 + sin” Oz dyp3) (E.4)
2 2., 2
J = gdr Ag°— % sin 01 df1 A dpy — w sin 6y dfy A dyo (E.5)
r? + 9a?
k= ——— . E.
r2 + 6a? (E-6)

The coordinates have range: r € [0,00), ¥ € [0,47), 6; € [0,7] and ¢; € [0,27). In this
appendix I will care attention to minus signs in J which reappear in the pulled-back volume
forms in 4d and 2d, and consequently in the computation of integrals.
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Consider the two non-compact 4-cycles ¥; = {6;, p; = const}. From the expression of
t/}le metric it is easy to see that »; has a non-vanishing 2-cycle at the origin and thus it is
C2 blown up at a point. Of course the 2-cycle is exactly the same as the one blown up to
resolve the conifold. Instead ¥ still has the topology of C? and only touches the 2-cycle
at a point. Under a flop transition the role of the two 4-cycles gets exchanged.

I construct a resolved By on the resolved conifold following the requirements: By is
(1,1), closed and primitive (B2 A JJ A J = 0). I start with an ansatz constructed taking the
three pieces of J with general functions fj—j23(r) in front. Primitivity fixes the relation
f1 = fo+ f3. Closure gives us a system of two linear first order ODE’s. Only one of the
two solutions is regular at the origin:

2 2 2 2

By = %%{—ﬁiacﬁpqu%ﬁ sin 6 demd%—% sin 6 d@g/\dgog} . (E7)
The normalization is fixed such that f g2 B2 = A7%bg, where S? = {61 = 02, v1 = —p2;
r,qp = const}. Notice that By approaches a constant non-zero value at infinity. This is
because the geometry has a 2-cycle supporting it.

Now I go on with the construction of F = By + 21 F on the 4-cycles of interest. I am
looking for fluxes that fall off at infinity, because in the singular limit I only want finite
induced charges. Consider Yo, with topology of C2. Not there being any 2-cycle we can
simply set Fy to cancel Bo, so that F ls, = 0. On X; with topology of C? the situation is
different. We cannot set 2w F, equal and opposite to l%g, because its flux is quantized on
52. We can instead set a closed Fy with vanishing flux on S? that kills the tail of Bs:

. 7 by 4ra® s 20> |
f:BQ+27TF2:T{—de/\g —m Sln62d02/\dg02 . (ES)

One can explicitly verify that FAJ = 0, f52 F =47%bg and [ FAF = —(47w%by)%. On the
other hand, with a different choice of F, we could also add further flux on S?, obtaining
the same F of (E.§) but with by — by + ¢o.

Such an F is in fact proportional to the anti-self-dual (and primitive) Poincaré dual
of S% on ;. The two integrals tell us that the self-intersection number of S? in C2 is —1.
This is true in general: the exceptional S? arising in the blowing up of a smooth point has
self-intersection number —1.

I would like to conclude with the 4-cycle X = {61 = 02,01 = 2} which has the
topology of (C/z/\Zg blown up at the origin. In this case By falls off at infinity (indeed in
the singular limit By = 0) but BoAJ # 0 so that again we need to add a suitable fluxless
F5. Again B is proportional to the Poincaré dual to the 2-cycle, even if it is not the
anti-self-dual representative in the cohomology class. One can compute || g2 B? = 472
and fEx By A By = —%(47?2130)2, confirming that the self-intersection number of S? in ¥
is —2. A generic C?/Zy singularity is resolved by blowing up N — 1 intersecting P!’s Ej,
whose non-vanishing intersections are

E;-E; = -2 Ei-Eip=1. (E.9)
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The curvature couplings appearing in the reduced D7 WZ actions (B.6) and (B.7) are
obtained by explicit evaluation of

1 1 TTRAR
_ R) = _— E.10
o) = —5 [ m®) = 5 [ T (E.10)
and on a four dimensional manifold we have:
1 a cae
TRAR =R bea Rq oy €% g™t (E.11)

In fact in non-compact cases we cannot appeal to its relation to topological invariants, as
the behavior of the metric at infinity influences the result.'? I found:

- 23

C?:  (curv) = C?2: (curv) = 52 (E.12)

216

It would be nice to understand the meaning of these numbers.
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